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Abstract
In this note we wish to complement some recent work in the cosmological literature concerning
the Weyl conformal curvature tensor and its parts. In particular, we shall give a clear–cut definition
of the Newtonian limits of electric and magnetic parts of the Weyl tensor. We also discuss that only a
subset of the relativistic equations is needed to obtain a closed system of equations in the Newtonian
limit.
PACS: 98.80.Hw, 04.20.Cv
1 Introduction
In a recent paper Bertschinger & Jain (1994) [3] attempted to derive a closed Newtonian system for
the evolution of fluid quantities (density, expansion, shear, etc.) by looking at the Newtonian limit of
the corresponding equations in general relativity. The idea was to obtain “local” evolution equations in
terms of a coupled system of ordinary differential equations (while only the initial data are constructed
non–locally) in order to simplify the solution of the problem of gravitational motion and to answer the
question whether the gravitational collapse in general ends in sheet–like (oblate), or filamentary (prolate)
objects.
Thereafter, a considerable amount of work has been spent on supporting or disproving this goal
(Matarrese et al. 1994 [26], Bertschinger & Hamilton 1994 [2], Kofman & Pogosyan 1995 [21], Bruni
et al. 1995 [6], Lesame et al. 1996 [25], Ellis & Dunsby 1997 [18], Matarrese 1996 [27], Matarrese &
Terranova 1996 [28]), and others. Some of these papers are even concerned with new post–Newtonian
theories (Bertschinger & Hamilton 1994 [2], see the discussion of that paper by Ellis & Dunsby 1997
[18]).
We here wish to complement these works by focusing on two aspects of the problem: firstly, we
present a clear–cut derivation of the Newtonian limit of fluid evolution equations in a 4–dimensional
“frame theory” developed by one of us (Ehlers 1981, 1991 [13, 14]). This theory covers both Einstein’s
and Newton’s theory of gravitationally interacting matter and allows to properly define the Newtonian
limit. We shall re–address questions related to the magnetic part of the Weyl tensor.
Secondly, we discuss that only a subset of the general relativistic equations is needed to obtain a
closed Newtonian system, and we shall establish the relation to the Newtonian Lagrangian framework
formulated first by Buchert & Go¨tz (1987) [7], in Newtonian cosmology by Buchert (1989) [8], and
reviewed by Buchert (1996) [9] and Ehlers & Buchert (1997).
(Throughout this paper greek indices run through 0 . . . 3, and latin indices through 1 . . . 3, the signa-
ture of the metric is (−,+,+,+).)
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2 The Newtonian limit of the Weyl tensor and its parts
In the recent cosmological literature there have been discussions on the role of the Weyl conformal
curvature tensor, particularly its “magnetic” part, in the Newtonian limit of general relativity. These
considerations suffer from the fact that claims are made about that limit without any reference to, or
use of, a definition of that limit. However, a clear–cut (and useful!) definition has been given long ago
(Ku¨nzle 1976 [23], Ku¨nzle & Nester 1984 [24], Ehlers 1981, 1991 [13, 14], Brauer et al. 1994 [5]).
Here we shall employ a “frame–theory” which covers, in a common 4–dimensional spacetime for-
malism, Newton’s as well as Einstein’s theory. In it, a parameter λ = c−2 serves to distinguish between
the two theories, and the limit is taken as λ → 0. In that formalism one uses a temporal metric tαβ and
(inverse) spatial metric sαβ , related by:
tαβs
βγ = −λδγα . (1)
In the GR–case, λ > 0 and gαβ = sαβ , gαβ = −λ−1tαβ , whereas in Newton’s theory, λ = 0 and
tαβ = t,αt,β , with t the absolute time. In the limit λ → 0, the Lorentz metrics gαβ , −λgαβ degenerate,
corresponding to the fact that the light cones “open up” and convert into the Newtonian hyperplanes of
constant absolute time (for details see: Ehlers 1981, 1991 [13, 14]).
In the notation of the frame–theory, the definition of the Weyl tensor for λ > 0 reads:
Cαβγδ = R
α
βγδ − δ
α
[γRδ]β − λ
−1
{
tβ[γRδ]εs
εα +
1
3
δα[γtδ]βRλµs
λµ
}
. (2)
This expression is meaningless for λ = 0. However, if we use the field equation
Rαβ = 8πG
(
tαγtβδ −
1
2
tαβtγδ
)
T γδ − Λtαβ (3)
of the frame–theory, valid for λ ≥ 0, to eliminate Rαβ from equation (2), we get:
Cαβγδ = R
α
βγδ − 8πG
{
δα[γtδ]λtβµT
λµ − tβ[γtδ]εT
εα −
2
3
δα[γtδ]βtλµT
λµ
}
. (4)
This formula is meaningful even for λ = 0 (the λ−1–terms in (2) cancel because of the λ in (1)). We
therefore define the Weyl tensor in the frame–theory by Equation (4). This definition is appropriate; for if
a sequence of GR–solutions has a Newtonian solution as a limit, then the limit of Cαβγδ is indeed given
by Equation (4).
In the Newtonian case, λ = 0, (4) simplifies, because of tαβ = t,αt,β , to
Cαβγδ = R
α
βγδ −
8πG
3
ρt,βδ
α
[γt,δ] . (5)
The “electric” and “magnetic” parts of Cαβγδ with respect to any 4–velocity uα follow from (5); they
read:
Eαγ = R
α
βγδu
βuδ −
4πG
3
ρ(δαγ − u
αt,γ) ; (6)
Hαγ =
1
2
ηαβλµs
µνCλνγδu
βuδ = 0 . (7)
The vanishing of Hαβ in the Newtonian limit can be understood more physically as follows: In GR, Hαβ
measures the relative rotation of nearby, freely falling gyroscopes due to gravitomagnetism (Sachs 1960
[29], Appendix1). This effect is absent in Newton’s theory in which the parallelism of spatial vectors is
1the relevant formula contains a misprint: the correct version is Ha[g] = 12 η
aiℓmRℓmjkuiδx
juk.
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path independent, in other words, parallel gyroscopes remain parallel if subject to nothing but inertia and
gravity.
Investigation of the general case of exact solutions of general relativity with Hαβ = 0 and ωαβ =
0 has been attempted by Barnes & Rowlingson (1989) [1]. However, they have not investigated the
propagation of the dynamical constraint Hab = 0, which is needed for statements about classes of exact
solutions2 . Further investigations of such classes of motion termed “silent universes” may be found in
Croudace et al. 1994 [11], Bruni et al. 1995 [6], Matarrese 1996 [27] (and ref. therein), and van Elst &
Uggla 1997 [20].
3 Discussion of the equations in the Newtonian limit
In 3–dimensional notation, (6) yields, as expected, the Newtonian tidal tensor defined as the trace–
free part of the gravitational field tensor (gi,j) (a comma denotes derivative with respect to Eulerian
coordinates):
Eij := gi,j −
1
3
δijgℓ,ℓ , (8)
with
E[ji] = 0 ; Eii = 0 . (9)
Like any Eulerian field, the Newtonian tidal tensor of the gravitational field strength ~g can be written
explicitly in terms of Lagrangian coordinates as follows:
Eij = gi|kJ
−1
kj −
1
3
δijgℓ|kJ
−1
kℓ , (10)
where a vertical slash denotes derivative with respect to Lagrangian coordinates.
Introducing the diffeomorphic mapping ~ft : ~x = ~f( ~X, t), which sends fluid elements from their
(initial) Lagrangian position ~X to a point ~x in Eulerian space at time t, and using the expression for the
Jacobian of the inverse mapping ~h = ~f−1,
~g[~x, t] := ~¨f(~h[~x, t], t) , J := det(fi|k) , (11)
hj|ℓ =
1
2J
ǫℓpqǫjrsfp|rfq|s , (12)
we can write the tidal tensor explicitly in terms of ~f :
Eij =
1
2J
(
ǫjpqJ (f¨i, fp, fq)−
1
3
ǫopqJ (f¨o, fp, fq)δij
)
. (13)
Thus, any trajectory field ~f which obeys the Lagrange–Newton system (Buchert & Go¨tz 1987 [7] (Λ = 0)
and Buchert 1989 [8] (Λ 6= 0); Ehlers & Buchert 1997 [16]),
J (f¨j, fj, fk) = 0 , (14)
J (f¨1, f2, f3) + J (f¨2, f3, f1) + J (f¨3, f1, f2)− ΛJ = −4πG
0
ρ , (15)
determines the evolution of the tidal tensor via (10).
In (14) and (15), J (A,B, C) denotes the functional determinant of any three functions A( ~X, t),
B( ~X, t) and C( ~X, t) with respect to Lagrangian coordinates ~X,
0
ρ is the initial density field and Λ the
cosmological constant.
2This issue was considered later with the additional assumption p = 0 ⇒ u˙a = 0 in van Elst et al. 1997 [19], where for the
general case without any symmetries and Weyl tensor of Petrov type I no complete results could be obtained.
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We may use Equation (13) to state the Lagrange–Newton system (14) and (15) in a different way: it
is equivalent to the condition that Eij is symmetric and tracefree (Buchert 1996 [9]): We insert (15) into
(13) and write
Eij =
1
2J
ǫjpqJ (f¨i, fp, fq)−
1
3
(
Λ−
4πG
J
0
ρ
)
δij . (16)
Then,
E[ij] = 0 ⇔ (14) ; (17)
Eii = 0 ⇔ (15) . (18)
This demonstrates that no equation involving Hij is needed in the Newtonian limit to close the system.
Indeed, for Hαβ = 0, the relativistic system of equations for the fluid variables expansion (θ), vorticity
(ωαβ), shear (σαβ), “electric” (Eαβ) and “magnetic” (Hαβ) parts of the Weyl tensor — derived by one
of us (Ehlers 1961; translated 1993 [12]) and Tru¨mper 1965 [31], and reviewed by Ellis 1971 [17] —
reduces to the system
ρ˙ = −θρ , (19)
θ˙ = Λ−
1
3
θ2 + 2(ω2 − σ2)− 4πGρ , (20)
ω˙α = −
2
3
θωα + σαβω
β , (21)
σ˙αβ = −σαγσ
γ
β − ωαωβ +
1
3
hαβ(2σ
2 − ω2)−
2
3
θσαβ − Eαβ , (22)
E˙αβ = −hαβσ
γδEγδ − θEαβ + Eγ(αωβ)
γ + 3Eγ(ασβ)
γ − 4πGρσαβ , (23)
where hαβ = gαβ + uαuβ is the spatial projection tensor. Recall that a solution of this closed set of
equations delivers at best an approximation that needs to be controlled. Resulting solutions will have to
be subjected to the propagation constraint H˙αβ = 0 to find the exact solution classes. This constraint will
likely leave only highly symmetric solutions like the Lemaıˆtre–Tolman–Bondi and the Szekeres models,
since, in general, a non–vanishing magnetic part of the Weyl tensor is generated by evolving a system
with initially vanishing magnetic part.
In the Newtonian limit λ → 0 the spatial parts of the equations (19)–(22) are equivalent to those
derived from Newtonian theory (compare Szekeres & Rankin 1977 [30] and the discussions by Kof-
man & Pogosyan 1995 [21], Lesame et al. 1996 [25], Buchert 1996 [9] and Matarrese 1996 [27]).
The Lagrange–Newton–System (14) and (15) can be already obtained from (19)–(21) together with the
decomposition σij + ωij + 13θδij = vi,j .
Note added 2009: Some examples of Newtonian limits of relativistic spacetimes have been published
by Ehlers 1997 together with more details on the Newtonian limit in the frame–theory formalism used
here [15]. Furthermore, it is possible to write the Einstein equations in terms of symmetry conditions
imposed on the electric and magnetic parts of the Weyl tensor similar to writing the Lagrange–Newton
system (14, 15), since both parts of the Weyl tensor contain all information. The investigation of this for-
mulation together with the corresponding Newtonian limit will be published elsewhere. Related remarks
on the Newtonian limit in the framework of Cartan’s formulation of Einstein’s equations may be found
in Buchert (2008) [10], Sect. 4.2.1.
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